
Eur. Phys. J. C 51, 753–774 (2007) THE EUROPEAN
PHYSICAL JOURNAL C

DOI 10.1140/epjc/s10052-007-0367-7

Regular Article – Experimental Physics

Spin analysis of supersymmetric particles
S.Y. Choi1,2,a, K. Hagiwara3, H.-U. Martyn1,4, K. Mawatari5, P.M. Zerwas1,3

1 Deutsches Elektronen-Synchrotron DESY, 22603 Hamburg, Germany
2 Physics Department and RIPC, Chonbuk National University, Jeonju 561-756, Korea
3 Theory Division, KEK, Tsukuba, Ibaraki 305-0801, Japan
4 I. Physikalisches Institut, RWTH Aachen, Aachen, Germany
5 School of Physics, Korea Institute for Advanced Study, Seoul 130-722, Korea

Received: 3 January 2006 / Revised version: 19 June 2007 /
Published online: 18 July 2007 − © Springer-Verlag / Società Italiana di Fisica 2007

Abstract. The spin of supersymmetric particles can be determined at e+e− colliders unambiguously. This
is demonstrated for a characteristic set of non-colored supersymmetric particles – smuons, selectrons, and
charginos/neutralinos. The analysis is based on the threshold behavior of the excitation curves for pair pro-
duction in e+e− collisions, the angular distribution in the production process and decay angular distributions.
In the first step we present the observables in the helicity formalism for the supersymmetric particles. Subse-
quently we confront the results with corresponding analyses of Kaluza–Klein particles in theories of universal
extra space dimensionswhich behavedistinctly different fromsupersymmetric theories. It is shown in the third
step that a set of observables can be designedwhich signal the spin of supersymmetric particles unambiguously
without any model assumptions. Finally in the fourth step it is demonstrated that the determination of the
spin of supersymmetric particles can be performed experimentally in practice at an e+e− collider.

1 Introduction

The spin is one of the characteristics of all particles and
it must be determined experimentally for any new species.
Compelling arguments have been forwarded which suggest
the supersymmetric extension of the standardmodel [1–5].
In supersymmetric theories (SUSY) spin-1 gauge and spin-
0 Higgs bosons are paired with spin-1/2 fermions, gauginos
and higgsinos, which mix, in the non-colored sector, to
form charginos and neutralinos. Analogously spin-1/2 lep-
tons and quarks are paired with spin-0 scalar sleptons and
squarks. This opens a wide area of necessary efforts to de-
termine the nature of the new particles experimentally.
Measuring the masses of the particles is not sufficient

to unravel the nature of the particles and of the underly-
ing theory. This point has been widely discussed by com-
paring supersymmetric theories with theories of universal
extra space dimensions (UED) [6, 7] in which the coun-
terparts of the supersymmetric partners are Kaluza–Klein
(KK) excitations of the standard particles. When super-
symmetric squarks are produced [8] at LHC, they may cas-
cade down [9] to standard particles in the chain q̃→ qχ̃02→
q�̄�̃→ q�̄�χ̃01, which generates the observable final state q�̄�.
However, an analogous cascade can be realized in theories
of universal extra space dimensions, starting from a KK
excitation q1 of a quark, q1→ qZ1→ q�̄�1→ q�̄�γ1 [10, 11].
The origin of the observed chain particles, supersymme-
try or extra space dimensions, can clearly be unraveled by
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measuring the spins of the intermediate cascade particles
which are distinctly different in these two theories. The
supersymmetric cascade involves spin-1/2 and spin-0 par-
ticles while the corresponding positions in UED are taken
by spin-1 and spin-1/2 Kaluza–Klein states.
Spin measurements of supersymmetric particles are dif-

ficult at LHC [10–16]. While the invariant mass distribu-
tions of the particles in decay cascades are characteristic
for the spins of the intermediate particles involved, detec-
tor effects strongly reduce the signal in practice.
In contrast, several techniques can be exploited to de-

termine unambiguously the spin of particles produced
pairwise in e+e− collisions. These techniques have first
been worked out theoretically for Higgs bosons, studied in
the Higgs-strahlung process [17]; subsequent experimental
simulations have proven these techniques to work in prac-
tice [18]. To conform with its scalar character, the polar
angle distribution in smuon pair production has been in-
vestigated directly by reconstruction in [19] and reflected
in their decay products in [20] at TeV and multi-TeV e+e−

colliders, respectively.
A sequence of techniques, increasing in complexity,

can be applied to determine the spin of particles in pair
production

e+e−→ µ̃+µ̃−, ẽ+ẽ− and χ̃+χ̃− , χ̃0χ̃0 (1)

of sleptons, charginos and neutralinos in e+e− collisions:

(a) rise of the excitation curve near the threshold;
(b) angular distribution in the production process;
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(c) angular distribution in decays of the polarized particles,

eventually supplemented by
(d) angular correlations between decay products of two
particles.
While the second step (b) is already sufficient in the slepton
sector, only the final state analysis is sufficient in general, in-
cluding charginos/neutralinos, to determine the spin unam-
biguously. On the experimental side we follow the standard
path. It will be shown in detailed simulations that the the-
oretically predicted distributions in supersymmetric theo-
ries can be reconstructed after including initial and final
state QED radiation, beamstrahlung and detector effects.
Within the extended theoretical frame it is then proven that
the assignment of the spin is unambiguous indeed.
The report is organized as follows. In the subsequent

Sects. 2 to 4 we set up the theoretical basis for spin meas-
urements of smuons, selectrons, and charginos/neutralinos.
The technical frame we have chosen is the helicity formal-
ism. We analyze which observables must be measured to
determine the spin unambiguously. Moreover, simulations
will assure us that the analyses of supersymmetric theories
in e+e− collisions can be performed experimentally. In the
last Sect. 5 we briefly summarize the results. General for-
mulae for the production cross sections of supersymmetric
particles in collisions of polarized electrons and positrons
are presented in an Appendix.

2 Spin of smuons

2.1 Smuon production in e+e� collisions

Smuons are the prototype for scalar particle pair produc-
tion in e+e− collisions [21–26] mediated by the s-channel
exchange of γ and Z boson. Different lepton numbers pre-
vent the flow of particles from the initial to the final state.
For the sake of simplicity we will restrict ourselves to the
analysis of R-type smuons,

e+e−→ µ̃+Rµ̃
−
R (2)

as these particles almost exclusively decay through the
2-particle channel µ̃±R → µ

±χ̃01 with only one escaping in-
visible particle, in contrast to L-type smuons which gen-
erally cascade down to the final state. The process is de-
scribed by diagram (a) in Fig. 1.
The amplitude describing this production process can

be expressed in terms of the generalized electron charges

QL = 1+
(
s2W −1/2

)
c−2W DZ(s) (3)

QR = 1+ t
2
WDZ(s) , (4)

with s2W = sin
2 θW etc., θW being the electroweak mixing

angle, and the normalized Z propagator DZ(s) = s/
[
s−

m2Z + imZΓZ
]
, s denoting the squared center-of-mass en-

ergy
[
DZ is approximately real in the high energy limit

s�m2Z
]
. The indices L and R in (3) and (4) refer to left-

and right-handedly polarized electrons [and oppositely po-
larized positrons], respectively.

Fig. 1. a s-channel γ and Z exchange diagrams contributing
to the production of all slepton pairs in e+e− annihilation; and
b t-channel neutralino exchange diagram contributing only to
the production of selectron pairs in e+e− collisions

The total cross section and the distribution in the polar
angle θ between the µ̃± flight direction and the e+e− beam
axis can be written in the form1

σ
[
e+e−→ µ̃+R µ̃

−
R

]
=
πα2

6s
β3
[
Q2L+Q

2
R

]
(5)

1

σ

dσ

d cos θ

[
e+e−→ µ̃+R µ̃

−
R

]
=
3

4
sin2 θ . (6)

The coefficient β3, with β = (1−4m2µ̃R/s)
1/2 denoting the

velocity of the smuons, is the product of the phase space
suppression factor β, and the square of the P -wave sup-
pression ∼ β near the threshold. The scalar smuon pair
is produced in a P -wave to balance the spin 1 of the in-
termediate vector boson. Angular momentum conserva-
tion leads also to the sin2 θ dependence of the differential
cross section as forward production of spinless particles is
forbidden.
For asymptotic energies the cross section

σ→
5πα2

24c4W

1

s
for s→∞ (7)

follows the appropriate scaling law.
The production of spin-0 particles in e+e− annihilation

is thus described by two characteristics:

#1 threshold excitation ∼ β3 (8)

#2 angular distribution ∼ sin2 θ . (9)

The threshold excitation for smuons and the angular dis-
tribution are illustrated in Fig. 2a and b, respectively. The
µ̃R mass is chosen as mµ̃R = 300GeV, the minimum mass
value allowing the one-to-one comparison with UED. In
the following subsections it will be proven that the angular
distribution is characteristic indeed for spinless particles
and that it can be measured with great accuracy in e+e−

collisions.

2.2 KK excited states µ�1 in UED

In the minimal UED version one extra dimension is com-
pactified on the half-circle orbifold S1/Z2 which, in con-
trast to the circle S1 compactification, allows chiral repre-
sentations for the ground states and projects out massless

1 The complete set of 1-loop radiative corrections, including
the genuine SUSY corrections has been presented in [27–29];
see also [30].
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Fig. 2. a The threshold excitation for smuons; and b the angular distribution in e+e−→ µ̃+R µ̃
−
R [arbitrary normalization]. The

predictions for smuons are compared with the corresponding observables for the first KK excitation µ±R1 in e
+e−→ µ+R1µ

−
R1

scalars from the gauge field vectors. In this frame a tower of
spin-1/2 KK states over each L-type and R-type fermion,
and spin-1 and 0 fields over gauge fields is generated in
the standard model without introducing additional zero
modes [6]. Focussing first on the R-type fermion states in
analogy to the previous subsection, the process for the pro-
duction of a pair of the first muonic KK excitation,

e+e−→ µ+R1µ
−
R1 , (10)

is described by the same diagram Fig. 1a. µ±R1 is a massive
Dirac fermion carrying the electroweak charges of µ±R but
coupling only through vector currents to the electroweak
gauge bosons γ and Z. Thus the generalized charges are
identical with (4) and (3). It decays into the µ±Rγ1 chan-
nel where γ1 is the lightest and stable excited gauge boson
generally identified with the U(1) boson. For the sake of
simplicity we ignore the electroweak mixing of the KK ex-
cited gauge bosons and identify W 31 = Z1 and B1 = γ1 in
the SU(2) and U(1) gauge boson sectors; the mixing is sup-
pressed if the KK scale is much larger than the electroweak
scale [7].
The total cross section and the angular distribution are

markedly different from the supersymmetric case:

σ
[
e+e−→ µ+R1µ

−
R1

]
=
2πα2

3s
β
(3−β2)

2

[
Q2L+Q

2
R

]

(11)

1

σ

dσ

d cos θ

[
e+e−→ µ+R1µ

−
R1

]
=
3

8

2

(3−β2)
[1+cos2 θ

+(1−β2) sin2 θ] . (12)

[Because of the vector character of the electroweak µR1
currents the distribution is symmetric in forward and back-
ward direction.] The µR1 pair is produced in an S-wave
with non-vanishing amplitude at the origin. The onset of
the excitation curve is therefore suppressed only by the
phase space factor∼ β. The angular distribution is familiar

fromQED, being isotropic at threshold and evolving to the
transverse-polarization term (1+cos2 θ) asymptotically.
For high energies the total cross section

σ→
20πα2

24c4W

1

s
for s→∞ (13)

scales in the same way as the µ̃+µ̃− cross section but
with a coefficient 4 times as large, as familiar from QED
processes.
Choosing for illustration a µ±R1 mass of 300GeV, a value

at the lower limit of the experimentally allowed range [6],
the onset of the cross section and the angular distribution
are displayed in Fig. 2a and b. The center-of-mass energy is

set to
√
s = 1TeV for ILC [21–25] and 3 TeV for CLIC [26]

in the second figure. Both characteristics are markedly dif-
ferent from supersymmetric theories; see also [20]. In con-
trast to scalar smuons the onset of the excitation is verti-
cal,proportional to thevelocityβ ∼

[
s−4m2µR1

]1/2
as famil-

iar for spin-1/2 particles. Also the angular distributions for
scalar smuons and fermionic KKmuon states are distinctly
different.
Already from the totally inclusive measurement of the

production cross section no more confusion can arise be-
tween supersymmetric theories and theories of universal
extra space dimensions.

2.3 General analysis

Though the difference between the characteristics in the
production of supersymmetric scalar particles and KK ex-
cited fermions can be exploited to rule out the false theory
experimentally, we should explore nevertheless whether
the conditions (8) and/or (9) are not only necessary but
also sufficient to single out the scalar solution.
The general analysis is most transparent if performed in

the helicity formalism. In the process

e+e−→ F Jλ1 F̄
J
λ2

(14)
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for pointlike particles2 F J and F̄ J with spin J and helici-
ties λ1 and λ2 [either half-integer or integer], and mediated
by s-channel γ and Z exchange, the helicities of the elec-
tron and positron in the initial state are coupled to a vector
with spinm=±1 along the beam axis. The right-hand side
of the diagram in Fig. 1a may then be interpreted as the de-
cay of a virtual vector boson with polarization m=±1 to
the F J F̄ J pair. If the flight axis of the F J particles includes
the angle θ with the vector boson polarization axis [iden-
tical with the e± beam axis], the decay amplitude may be
expressed in term of the helicity amplitude Tλ1λ2 ,

〈
F Jλ1 F̄

J
λ2
; θ|Vm

〉
=
√
2sgV d

1
m,λ′(θ)Tλ1λ2

with λ′ = λ1−λ2 . (15)

The angular dependence is in total encoded in the Wigner
d function while the reduced helicity amplitudes Tλ1λ2 are
independent ofm. The value of λ′ is restricted to λ′ = 0 and
±1. The totally inclusive cross section can be expressed in
the form

σ =
πα2

3s
β
(
Q2L+Q

2
R

)

×

[
∑

λ

(
|Tλ,λ−1|

2+ |Tλ,λ+1|
2
)
+
∑

λ

|Tλλ|
2

]

(16)

and the forward–backward symmetric part of the differen-
tial cross section analogously as

dσ′

d cos θ
=
πα2

4s
β
(
Q2L+Q

2
R

)

×

[
1+cos2 θ

2

∑

λ

(
|Tλ,λ−1|

2+ |Tλ,λ+1|
2
)
+sin2 θ

∑

λ

|Tλλ|
2

]

(17)

summed over the helicities of the outgoing F J and F̄ J par-
ticles. To evaluate these expressions, the two cases in which
F J is either fermionic or bosonic must be distinguished.

2.3.1 Fermionic spectrum F [J = 1/2, 3/2, . . . ]

For pointlike theories in which the fermions carry electric
and weak monopole charges the associated vector current
includes the basic component [31]

j0µ = ψ̄α1···αnγµψ
α1···αn (18)

built by the J = n+1/2 spinor-tensor wave-function
ψα1,...,αn [32, 33]. In analogy to the Dirac spin-1/2 case, the
current (18) can be decomposed, cf. [31, 34], into an electric
current jeµ and a magnetic current j

m
µ as jµ = j

e
µ+ j

m
µ with

jeµ =
1

2m
ψ̄α1,...,αni

←→
∂µψ

α1,...,αn (19)

jmµ =
1

2m
∂ν
(
ψ̄α1,...,αnσµνψ

α1,...,αn
)

(20)

2 Though only string theories are known to be consistent for
interacting particles with J > 2, weakly interacting field the-
ories can nevertheless be studied in approaches as formulated
in [31].

reducing to electric monopole and magnetic dipole cur-
rents in the non-relativistic limit. Demanding asymp-
totic unitarity at high energies, additional terms must
be included in the basic Lagrangian [35, 36] which al-
ter the gyromagnetic ratio from g = J−1 universally to
g = 2 [31], i.e. the coefficient in front of (20) may be ad-
justed accordingly.
Both the electric current jeµ and the magnetic cur-

rent jmµ give rise to diagonal reduced helicity amplitudes
through spin-0/D-wave and spin-1/S-wave interactions,
respectively; apart from overall coefficients,

T eλλ =
γβ2
√
2

[
(J +λ)

2J
Q
J−1/2
λ−1/2(γ)−

(J −λ)

2J
Q
J−1/2
λ+1/2(γ)

]

(21)

T mλλ =−
γ
√
2

[
(J +λ)

2J
Q
J−1/2
λ−1/2(γ)−

(J −λ)

2J
Q
J−1/2
λ+1/2(γ)

]
.

(22)

Only the magnetic dipole current jmµ generates non-
diagonal reduced helicity amplitudes,

T mλ,λ±1 =∓

√
(J ∓λ)(J ±λ+1)

2J
Q
J−1/2
λ±1/2(γ) . (23)

Here, γ =
√
s/2m is the Lorentz boost factor of the final-

state particle and the energy-dependent functions QNn (γ)
(|n| ≤N for integralN and n) are defined as

QNn (γ) =
2N (N +n)!(N −n)!

(2N)!

×
∑

λ1=±1,0

· · ·
∑

λN=±1,0

δn,λ1+···+λN

×
N∏

i=1

(2γ2δλi0−1)

(1+λi)!(1−λi)!
(24)

Q00(γ) = 1 and QNn (γ) = 0 for |n|>N ≥ 0 .
(25)

We note that the non-diagonal reduced helicity amplitudes
Tλ,λ±1 = T mλ,λ±1 are non-vanishing for any energy. As a re-
sult, the term

∑
λ

(
|Tλ,λ−1|2+ |Tλ,λ+1|2

)
never vanishes,

leading to a cross section that rises ∼ β at the threshold
and contributing with a term ∼ (1+cos2 θ) to the angular
distribution. Both elements differ clearly from the produc-
tion of scalar particles. We therefore conclude that scalar
spin-0 particles in supersymmetric theories carryingmuon-
type charges can never be confused by fermionic charged
particles.

2.3.2 Bosonic spectrum F [J = 1, 2, . . .]

Restricting ourselves to CP-invariant theories, the elec-
tric and weak monopole charge term of any integer spin
J tensor-field ϕα1...αJ is accounted for by the current
element

jeµ = iϕ
∗
α1···αJ

←→
∂µϕ

α1···αJ . (26)
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It leads to P -wave production of the boson pair with the
reduced helicity amplitude

T eλλ =−
β
√
2
QJλ(γ) (27)

Since the wave-function vanishes at the origin, the total
production cross section rises ∼ β3 at the threshold. Thus,
opposite to wide-spread belief, the onset of the excitation
curve near threshold does not discriminate the spin 0 par-
ticle from higher integer spin J = 1, 2, . . . particles.
However, coupling the electroweak vector fields to the

spin J fields in a consistent way [31], a non-vanishing mag-
netic dipole moment is generated for all particles with spin
> 0. The non-zero magnetic current, which is proportional
to

jmµ =−i∂
ν
(
ϕ
∗α2...αJ
[µϕν ]α2...αJ

)
(28)

gives rise to non-vanishing off-diagonal helicity amplitudes
which can be written, apart from an overall coefficient, as

T mλ,λ±1 =−γβ

√
(J∓λ)(J ±λ+1)

2J(2J−1)

×
[
(J ±λ)QJ−1λ (γ)+ (J∓λ−1)QJ−1λ±1(γ)

]
.

(29)

As before, asymptotic unitarity [31] modifies the coeffi-
cient of this current such that the gyromagnetic ratio is
shifted again from g = J−1 to g = 2. The P -wave behav-
ior near the threshold is reflected in the coefficient β. The
non-vanishing helicity amplitude Tλ,λ±1 = T mλ,λ±1 for J > 0
is in apparent contrast to spin-0 scalars for which these am-
plitudes must vanish. Thus opposite to scalar production,
higher spin J = 1, 2, . . . production will generate an addi-
tional term ∼ (1+cos2 θ) in the angular distribution, non-
vanishing in the forward and backward direction. Thus the
analysis of the angular distributions signals the zero-spin of
the smuons unambiguously.
Complementary to this theory-based argument on pro-

duction properties, i.e. the onset of the excitation curve
and the angular distribution, decay characteristics can also
be exploited to supplement the analysis. The presence of
the off-diagonal helicity amplitudes, (23) for fermions and
(29) for bosons, implies that the final state particles F J

and F̄ J should be polarized when electron and/or positron
beams are polarized. In addition, the relation λ1−λ2 =±1
for the non-vanishing off-diagonal helicities of the F Jλ1 F̄

J
λ2

pair produced via γ, Z exchange should lead to interesting
polarization correlations which can be observed through
the correlated decays of F Jλ1 and F̄

J
λ2
. In this case, the

polar-angle distribution of the decay particles in the F J

rest frame is described by the Wigner d function,

D
[
F Jλ → aσ1bσ2

]
∼ dJλσ(θ

∗) with σ = σ1−σ2 ,
(30)

where θ∗ denotes the polar angle between the F J flight
direction and the ab axis in the F J rest frame. This con-
figuration is realized in the dominant µχ̃01 decay channel of

µ̃R. For scalar smuons d
0
00(θ

∗) does not depend on θ∗. For
J > 0, however, even if the final-state polarizations σ1, σ2
are summed over, the angular distribution is always non-
trivial when the sum of two final-state daughter spins, ja
and jb, is less than the spin J of the parent. In the op-
posite case, ja+ jb ≥ J , parity-violating decays in general
guarantee non-trivial angular dependence3; only in parity-
preserving cases the decay distribution might be indepen-
dent of the F J polarization. However, if the final-state
polarizations σ1, σ2 are measured, the θ

∗ dependence of
dJλσ(θ

∗) for J > 0 is always non-trivial, whatever values are
taken for |λ| and |σ| ≤ J . After squaring the decay am-
plitude D, the spin J can be determined by projecting
out the maximum spin index 2J from the decay angular
distributions.
Therefore the analysis of the smuon decay distribu-

tions provides us with an alternative model-independent
method for the determination of the zero smuon spin.

2.4 Reconstructing the event axis

2.4.1 µ̃+R µ̃
−
R in supersymmetry

The measurement of the cross section for smuon pair pro-
duction µ̃+Rµ̃

−
R can be carried out by identifying acoplanar

µ+µ− pairs [with respect to the e± beam axis] accompa-
nied by large missing energy:

e+e−→ µ̃+R µ̃
−
R →

(
µ+χ̃01

) (
µ−χ̃01

)
→ µ+µ− /E . (31)

The analysis is model-independent and it provides un-
ambiguously the onset of the excitation curve ∼ β3 near
threshold.
The construction of the production angle θ is illus-

trated for the event topology in Fig. 3. For very high energy√
s�mµ̃R the flight direction of the daughter particles
µ±’s can be approximated by the flight direction of the par-
ent particle [20] and the dilution due to the decay kinemat-
ics is small. However, at medium ILC energies the dilution
increases, and the reconstruction of the µ̃±R flight direction
provides more accurate results on the angular distribution
of the smuon pairs [19]. If all particle masses are known, the
magnitude of the particle momenta is calculable and the
relative orientation of the momentum vectors of µ± and µ̃±R
is fixed by the two-body decay kinematics. The opening an-
gles α± between the visible µ

± tracks and the parent µ̃±R
particles can be determined from the relation

m2
µ±
R

−m2
χ̃01
=
√
sEµ±

(
1−β

µ̃±
R
cosα±

)
. (32)

The angles α± define two cones about the µ
+ and µ− axes

which intersect in two lines – the true µ̃±R flight direction
and a false direction. True and false solutions are mirrored
on the plane spanned by the µ+ and µ− flight directions.
Thus the flight direction can be reconstructed up to a 2-
fold ambiguity.

3 Only in exceptional cases, like τ → ντa1 withmτ �
√
2ma1 ,

P -violating decays cannot be used as polarization analyzer.
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Fig. 3. Event topology of the reaction e+e− → µ̃+Rµ̃
−
R →

µ+χ̃01µ
−χ̃01

The characteristics of the angle θft between the false
and the true axis can easily be illustrated. If the decay
planes of µ̃+R and µ̃

−
R coincide, the production axis is lo-

cated in the common plane and the false axis coincides with
the true axis. Rotating one of the two planes away from
the other by an azimuthal angle φ, the angle θft between
the false and the true axis is related to φ and to the boosts

γ± = γ(cosα
∗
±+β)/ sinα

∗
± with α

∗
± being the µ̃

±
R→ µ

± de-
cay angle in the µ̃±R rest frame with respect to the flight
direction in the laboratory frame:

cos θft = 1−
2 sin2 φ

γ2++γ
2
−+2γ+γ− cosφ+sin

2 φ
. (33)

For high energies the maximum opening angle reduces
effectively to θft �min(1/|γ+|, 1/|γ−|) = O(1/γ) and ap-
proaches zero asymptotically when the two axes coincide.
Quite generally, as a result of the Jacobian root singular-

Fig. 4. a The angular distribution of the false reconstructed axis (shaded area) and of the observable sum of true and false axes
for smuon pair production in SUSY (solid line); b The same for µ+R1µ

−
R1 pair production in UED. [The distribution of the false

axis is slightly forward–backward asymmetric due to the parity violating µ±R1→ µ
±γ1 decay.]

ity in the relation between cos θft and φ, the false solutions
tend to accumulate slightly near the true axis for all ener-
gies. In total, the angular distribution of the false axis with
respect to the true axis is given by

dN

d cos θft
=

√
2

√
1− cosθft

F [β cos(θft/2)]

γ4β4 (1− cosθft+2/γ2β2)
2 ,

(34)

with F [0] = 1 at threshold and F [β] ∼ γ for β→ 1. The
decrease of the coefficient ∼ 1/γ4 is compensated by the
effective narrowing of θft in the denominator and by the
increase of the function F for rising energy. Thus, the
false axis is trailed by the true axis, mildly at low en-
ergies and tightly at high energies. Though the distri-
bution of the false axis is flattened at low to medium
energies compared with the original distribution of the
true axis, the characteristic features are reflected qualita-
tively, nevertheless, cf. Fig. 4. For our theoretical inves-
tigation throughout the paper, the R-type slepton mass
m�R = 300GeV and sneutrino mass mν̃ = 365GeV are
used and the chargino/neutralino mass spectra and the
mixing elements are derived from the SUSY Lagrangian
parameters M2 = 300GeV, M1 = 150GeV, µ = 500GeV
and tanβ = 10. This parameter set includes the lighter
chargino mass m

χ̃±1
= 286GeV and the two lowest neu-

tralino massesmχ̃0
1/2
= 148/286GeV.

Experimentally, the absolute orientation in space is
operationally obtained by rotating the two µ̃±R vectors
around the µ± axes against each other until they are
aligned back-to-back in opposite directions. The flattened
false-axis distribution can be subtracted on the basis of
Monte Carlo simulations. For a fraction of events the pro-
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duction angle cannot be reconstructed, which in most
cases is due to large initial state radiation and/or beam-
strahlung, reducing the nominal center of mass energy
considerably. Note that a broader beamstrahlung spec-
trum than the assumed one implies that fewer events can
be kinematically reconstructed, but is not expected to
distort the measured angular distribution. Anyhow, the
beamstrahlung spectrum can be reliably determined [37]
and its effect can be unfolded from the observed dis-
tribution. In addition losses occur due to measurement
errors of the final particles. It is also important to note
that background events, if they can be reconstructed
at all under the wrong (mass) hypothesis, usually pro-
duce flat angular distributions and can thus be easily
subtracted.

2.4.2 µ+R1µ
−
R1 in UED

As proven in the previous subsection, the experimental
observation of the sin2 θ law determines the spin-0 char-
acter of new particles carrying non-electron fermion num-
bers, i.e. smuons, squarks, etc., unambiguously. This gen-
eral conclusion can be illuminated by analyzing the spin-
1/2 angular distribution of the UED KK excitation µ±R1.
The [non-normalized] angular distribution of µ+R1µ

−
R1 pairs

in e+e− collisions is described in (12): N(θ) = 1+cos2 θ+
(1−β2) sin2 θ. The longitudinal and transverse compo-
nents of the µ−R1 polarization vector

−→
P −R1 in the µ

−
R1 rest

frame are given by

P−L =
2 cos θ

2−β2 sin2 θ
AR1 and

P−T =−
2
√
1−β2 sin θ

2−β2 sin2 θ
AR1 , (35)

with the RL-asymmetry AR1 defined in terms of the gener-
alized chargesQR and QL of (3) and (4) as

AR1 =
|QR|2−|QL|2

|QR|2+ |QL|2
(36)

while the normal component vanishes. The decay µ±R1→
µ±γ1 in the µ

±
R1 rest frame is governed by the right-handed

coupling between the two leptons so that µ−, including the
angle θ1 with the µ

−
R1 polarization vector, is preferentially

emitted in the direction parallel to the µ−R1 polarization
vector, D(θ1) = (1+κR1P

−
R1 cos θ1)

2 with κR1 = (m
2
µR1
−

2m2γ1)/(m
2
µR1
+2m2γ1)∼ 1/3 and P

−
R1 = |

−→
P −R1|. The oppo-

site rule applies to µ+R1 decays.
Properly including the correlations among the two

decay pairs, the predictions for the distributions of the
true production axis, N(θ), and the false axis, Nf(θ),
are displayed in Fig. 4b. After subtracting the distribu-
tion of the false axis from the sum, the distribution of
the true axis is markedly different from the distribution
of the smuon polar production angle in Fig. 4a. In par-
ticular, the production of spin-1/2 KK muons populates
the forward and backward directions in contrast to spin-0
smuons.

Table 1. Spectrum of sleptons, charginos
and neutralinos in the SUSY scenario (M1 =
156 GeV,M2 = 291 GeV, µ= 488 GeV)

�̃ m [GeV] χ̃ m [GeV]

ẽR/µ̃R 302 χ̃±1 285

ẽL/µ̃L 369 χ̃±1 510

ν̃e/ν̃µ 359 χ̃01 152

τ̃1 297 χ̃02 284

τ̃2 369 χ̃03 493

ν̃τ 357 χ̃04 511

This method can be applied quite generally in e+e−

annihilation through γ and Z exchange for any given the-
ory. For the set {c1, c2} of coefficients in the true angular
distribution

N(θ)∼ c1[1+cos
2 θ]+ c2 sin

2 θ (37)

the false distribution Nf(θ) can be generated unambigu-
ously. Comparing the sum of the distributions of the
experimentally reconstructed true and false events with
N +Nf, the ratio of the two coefficients c2/c1 can be fitted
by using template methods. The fit will only be acceptable
if at the same time the helicity structure of the decay vertex
is chosen correctly.

2.5 Experimental analysis

2.5.1 Sparticle spectrum

In order to perform a realistic simulation of signal and
background processes a sparticle spectrum is calculated
using the program ISAJET 7.74 [38]. The SUSY point
described above can well be embedded in a mSUGRA
scenario4 with the parameters m0 = 265GeV, M1/2 =
375GeV , tanβ = 10, A0 = 0, and signµ = +1, corres-
ponding to the Lagrangian parameters M1 = 156GeV,
M2 = 291GeV, µ= 488GeV. The masses of the R/L-type
smuons/selectrons, electron sneutrino, lighter chargino
and two lightest neutralinos accessible at a 1 TeV ILC
and relevant for the present experimental study are listed
in Table 1.

2.5.2 Event generation

Events are generated with the program PYTHIA 6.3 [39]
which includes initial and final state QED radiation as
well as beamstrahlung [40]. The experimental simula-
tion is based on the detector proposed in the TESLA
TDR [41] and implemented in the Monte Carlo program
SIMDET 4.02 [42]. The detector requirements are ex-
cellent momentum and energy resolution, good particle

4 The particle masses corresponding to this reference point
differ slightly at a level of a few GeV from the previously
adopted masses in the theoretical illustrations.
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identification and full hermetic coverage. The detector re-
sponse, resolution and particle reconstruction are treated
in a parametric form. It is further assumed that the ILC
can be operated at a flexible energy up to

√
s = 1TeV

and that both lepton beams can be polarized at a degree
of |Pe− | = 0.8 for electrons and |Pe+ | = 0.6 for positrons.
Beam polarization helps to enhance the production rates
and to select the signal but it has no essential influence on
the spin analyses of the distributions under investigation.

2.5.3 Event reconstruction

The reconstruction of the polar angle of pair production
relies on the knowledge of the masses of the primary and
secondary particles. Based on pure kinematics of two-body
decays, like �̃±→ �±χ̃01, χ̃

±
1 →W

±χ̃01 and χ̃
0
2→ Zχ̃

0
1, both

masses can be determined from the energy spectra of the
observable decay particle, see e.g. [43, 44]. Alternatively,
the excitation curve can be used to determine the mass
of the primary SUSY particle pair. However, the observ-
able cross section close to threshold is in general distorted
considerably and the theoretical expectation has to be con-
voluted with initial state radiation (ISR), beamstrahlung
(BS) and finite width effects. ISR can be rigorously treated
in QED. The BS energy profile depends on the collider
operation conditions, and it can be measured via Bhabha
scattering [45]; it can also be calculated for given machine
parameters [40]. The width of SUSY particles is calcula-
ble within a specific model, but can also be determined in
a simultaneous fit of the excitation curve [27–29, 46]. It can
be safely assumed that the sparticle masses can be meas-
ured with a precision of one permille or better, see [47].
Such an accuracy is sufficient for the present study to re-
liably reconstruct the event kinematics sketched in Fig. 3,
where the uncertainties are dominated by momentum reso-
lutions and QED effects.

2.6 Simulation of e+e�→ µ̃+R µ̃
�

R

The detection of scalar smuons in the reaction e+e−→
µ̃+Rµ̃

−
R with subsequent decays µ̃

±
R → µ

±χ̃01 is relatively
simple and clean. The energy spectrum of the decay muon
is flat with minimal and maximal values given by E± =√
s/4
(
1−m2

χ̃0
/m2µ̃
)
(1±β) with β =

(
1−4m2µ̃/s

)1/2
. The

event selection criteria are: (i) two oppositely charged µ±

and nothing else in the detector; (ii) signed polar angle ac-
ceptance −0.90<Qµ cos θµ < 0.75; where Qµ is the muon
charge and the asymmetric cut rejects muons from decays
ofW+W− production; (iii) acoplanarity angle between the
two muons ∆Φµµ < 160

◦; (iv) the missing momentum vec-
tor should point inside the sensitive detector | cos θpmiss |<
0.9; and (v) lepton energy within the kinematically allowed
boundaries E− ≤ Eµ ≤ E+ (modulo resolutions). The re-
sulting detection efficiency is typically around ε
 0.60.
The unpolarized cross section as a function of energy

close to the production threshold, including all instrumen-
tal effects, is shown in Fig. 5a. The remaining flat back-
ground from W+W− production (not shown) amounts
to about 0.5 fb, and it can be substracted by extrapola-

tion from the sideband below. The excitation curve ex-
hibits a slow rise as expected from the characteristic de-
pendence σµ̃Rµ̃R ∼ β

3 explained in (8). Such a behav-
ior can be clearly distinguished from a much steeper hy-
pothetical S-wave dependence σ ∼ β, shown as well for
comparison.
The µ̃±R angular distribution is investigated in the con-

tinuum choosing an energy of
√
s = 1TeV and an inte-

grated luminosity of L = 500 fb−1. In order to enhance
the signal and suppress SUSY and SM background pro-
cesses, the beams are assumed to be polarized with values
of (Pe− ,Pe+) = (+0.8,−0.6), resulting in a cross section of
30 fb.
The spectrum of the muon energy Eµ is shown

in Fig. 5b. The signal is very clean above the very low back-
ground from SUSY and W+W− production, which gets
reduced further to ∼ 1.3% after reconstruction of the kine-
matics. The primary flat energy spectrum, characteristic
for a spin 0 particle decay, is distorted due to acceptance
cuts, event selection criteria and photon radiation. How-
ever, the minimal and maximal endpoint energies E± are
clearly pronounced. The polar angle distribution of the
smuons µ̃R, including both the correct and false solutions,
is displayed in Fig. 5c. The tiny background gives a flat
contribution. The false solution exhibits a large pedestal
with some enhancement in the central region reflecting
mildly the primary distribution (cf. β = 0.8). The ambigu-
ous solution can be calculated using Monte Carlo simula-
tion and it is subtracted in Fig. 5d. The expected sin2 θ
distribution of (9) is clearly visible. A fit of the shape to the
experimental angular distribution yields

dσexp

d cos θ
∼ 1+a cosθ+ b cos2 θ

a=−0.020±0.016 and b=−0.979±0.022 (38)

confirming the conjectured forward-backward symmet-
ric sin2 θ behavior of spin-0 smuon production with high
precision.

3 Selectrons

3.1 Production channels in e+e� collisions

In the selectron production process the lepton number
can flow from the initial to the final state. Therefore, be-
sides the e+e− annihilation channel mediated by γ, Z ex-
change, cf. Fig. 1a, also t-channel exchange of neutralinos,
cf. Fig. 1b, contributes to some channels. [In e−e− colli-
sions selectrons are produced solely by t-channel and u-
channel exchanges.] Among all these channels, which are
summarized comprehensively in Table 1 of [28, 29], pair
production of ẽ+R ẽ

−
R is easiest to control experimentally if,

as realized in many models, the R-type selectron is signifi-
cantly lighter than the companion L-type selectron. Equal-
particle channels are also preferred theoretically; their an-
alysis is most transparent by including the standard anni-
hilation which is well controlled.
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Fig. 5. a The unpolarized cross section of e+e−→ µ̃+Rµ̃
−
R production close to threshold, including QED radiation, beamstrahlung

and width effects; the statistical errors correspond to L= 10 fb−1 per point, the dash-dotted curve indicates, with the same co-
efficient, the hypothetical dependence σ ∼ β instead of σ ∼ β3; b energy spectrum Eµ from µ̃

−
R → µ

−χ̃01 decays; polar angle
distribution cos θµ̃R c with and d without contribution of false solution. The simulation for the energy and polar angle distribution
is based on polarized beams with (Pe− ,Pe+) = (+0.8,−0.6) at

√
s = 1TeV and L= 500 fb−1. The smooth histograms represent

high statistics expectations, the curve indicates a fit to the cross section (6)

Two electron/positron polarization states can generate
the ẽ+R ẽ

−
R pair:

e+Re
−
L → ẽ

+
R ẽ
−
R [γ, Z exchange] (39)

e+L e
−
R → ẽ

+
R ẽ
−
R [γ, Z, χ̃0 exchange] . (40)

Though the signal process (39) is the analogue of smuon
pair production in e+e− annihilation, we cannot anticipate
that in rival J = 1/2, 1, . . . processes t-channel exchanges
do not occur when the lepton number can flow from the
initial to the final state. Moreover, even electron polar-
ization [48] can be realized only at a degree < 1 so that
impurities from the process are admixed in any case. It is
thus plausible to evaluate ẽ+R ẽ

−
R pair production for unpo-

larized electron/positron beams. [The general expression
of the polarized cross section is given in the Appendix.]
This case exemplifies all the interesting characteristics.
After exploiting the conservation of the lepton cur-

rent, the spinorial parts of the matrix elements for s-
channel γ, Z exchange and t-channel neutralino exchange
are identical,∼ (v̄e+γµue−)k

µ with kµ denoting the (space-
like) 4-momentum transfer. The t-channel contribution
can therefore be mapped into generalized charges, intro-

duced in analogy to (3) and (4):

QL = 1+
(
s2W −1/2

)
c−2W DZ(s) (41)

QR = 1+ t
2
WDZ(s)+

4∑

k=1

|Nk1|
2c−2W Dχ̃0

k
(t) . (42)

The indices R and L denote the electron helicities. The pole
part of the χ̃0k propagator, k = 1, . . ., 4 in the minimal su-
persymmetric standard model (MSSM), is denoted in the
center-of-mass frame by

Dχ̃0
k
(t)≡

s

t−m2
χ̃0
k

=
−2

∆k−βẽR cos θ
with

∆k = 1−2
(
m2ẽR −m

2
χ̃0
k

)
/s , (43)

whileN denotes the neutralino mixing matrix, see [49, 50].
Near the threshold, the ẽ+R ẽ

−
R pair is produced in a P -wave

with amplitude ∼ β. With rising energy however an in-
creasing number of orbital angular momenta is excited and
the propagator starts diverging in the forward direction
∼ s/m2

χ̃0
k

[for mẽR >mχ̃0
k
after running through a max-

imum at cos θ ∼∆k/βẽR ].
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The differential and total cross sections can be cast into
the form

dσ

d cos θ

[
e+e−→ ẽ+R ẽ

−
R

]
=
πα2

8s
β3 sin2 θ

[
Q2L+Q

2
R

]

(44)

σ
[
e+e−→ ẽ+R ẽ

−
R

]
=
πα2

8s
β3
[ 〈
Q2L sin

2 θ
〉

+
〈
Q2R sin

2 θ
〉 ]

(45)

with 〈Q2L,R sin
2 θ〉 ≡

∫
d cos θ sin2 θQ2L,R. Mass and en-

ergy dependence of the integrated charges can be adopted
from [28, 29]:

〈
Q2L sin

2 θ
〉
=
4

3

[
1+
(
s2W −1/2

)
c−2W DZ(s)

]2
(46)

〈
Q2R sin

2 θ
〉
=
4

3

[
1+ t2WDZ(s)

]2
+8
[
1+ t2WDZ(s)

]
c−2W

×
4∑

j=1

|Nj1|
2f j+8c−4W

4∑

j,k=1

|Nj1Nk1|
2hjk ,

(47)

with the coefficients

f j =−β∆j+
∆2j −β

2

2
ln
∆j+β

∆j−β
and

hjk =

{
−2β+∆j ln

∆j+β

∆j−β
j = k

(f j−fk)/(∆j−∆k) j �= k
. (48)

It follows that the production of ẽR-type supersymmet-
ric scalar particles is characterized by the following two
rules:

#1 threshold excitation ∼ β3 (49)

#2 angular distribution ∼ sin2 θ G(cos θ)

→ sin2 θ near threshold .
(50)

Fig. 6. a The threshold excitation for selectrons; and b the angular distribution in e+e−→ ẽ+R ẽ
−
R for the SUSY parameters spec-

ified in the text. These results are compared with the production e+e−→ e+R1e
−
R1 of electronic Kaluza–Klein states in UED. The

first KK massMK1 is taken to be 295 GeV

Independent of energy, the angular distribution must be-
have ∼ sin2 θ close to the forward and backward directions
where it must vanish by angular momentum conservation.
While this behavior may be masked in practice by the sin-
gularity in G developing in the forward direction at high
energies, no such interference will arise in the backward di-
rection. Since the χ̃0k exchanges give rise to a P -wave near
the threshold, in the same way as γ, Z exchange, a simple
picture with σ ∼ β3 and dσ/d cos θ ∼ sin2 θ emerges at the
threshold.
Asymptotically the total cross section scales as

σ→
πα2

c4W

1

s
log

s

m2ẽR
for s→∞ (51)

as expected from the near-forward enhancement of the t-
channel exchange. As the production of ẽR pairs in strict
forward direction θ = 0 is forbidden by angular momen-
tum conservation, the cross section remains scale-invariant
apart from the logarithmic coefficient.
These characteristics are displayed quantitatively in

Fig. 6a and b for the onset of the excitation curve and the
angular distribution close to threshold.

3.2 KK excited states e�1 in UED

The analysis presented above repeats itself rather closely
for the KK excited states carrying electron lepton num-
ber; again we choose the first KK excited R-type electrons
e±R1 with vector couplings to not only γ and but also to Z
bosons as a representative example:

e+e−→ e+R1e
−
R1 . (52)

Analogously to Fig. 1b, the t-channel exchange of the vec-
tor and scalar KK excitations B1 and b1 [the supplement
left withB1 from the 5-dimensional vector] add to the stan-
dard γ, Z exchanges corresponding to Fig. 1a.
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Despite the complicated superposition of vector and
scalar interactions, Fierzing techniques allow us to cast all
contributions into the s-channel γµ⊗γµ form

5 for the chi-
ral α, β = L,R elements:

M[e+e−→ e+R1e
−
R1] =

Q1αβ
[
v̄(e+)γµPαu(e

−)
] [
ū(e−R1)γ

µPβv(e
+
R1)
]
(53)

with the bilinear charges [51]:

Q1LL = 1+
(
s2W −1/2

)
c−2W DZ(s)

Q1LR =Q
1
LL−

1

8

m2Z
M2K1+m

2
Z

t2WDb1(t)

Q1RL = 1+ t
2
WDZ(s)+ c

−2
W

m2eR1
2M2K1

DB1(t)

Q1RR = 1+ t
2
WDZ(s)+ c

−2
W DB1(t) . (54)

Apart from standard notations, MK1 denotes the first
KK mass, and the t-channel propagators are defined
as DB1(t) = Db1(t) = s/

[
t−M2K1

]
= −2/

[
1− 2

(
m2eR1 −

M2K1

)
/s−βeR1 cos θ

]
.

After introducing the familiar quartic charges

Q11 =
1

4

[∣
∣Q1RR

∣
∣2+
∣
∣Q1LL

∣
∣2+
∣
∣Q1RL

∣
∣2+
∣
∣Q1LR

∣
∣2
]

Q12 =
1

2
Re
[
Q1RRQ

1∗
RL+Q

1
LLQ

1∗
LR

]

Q13 =
1

4

[∣
∣Q1RR

∣
∣2+
∣
∣Q1LL

∣
∣2−
∣
∣Q1RL

∣
∣2−
∣
∣Q1LR

∣
∣2
]
(55)

the differential cross section can be written in the compact
form

dσ

d cos θ

[
e+e−→ e+R1e

−
R1

]
=

πα2

2s
β
[
(1+β2 cos2 θ)Q11+(1−β

2)Q12+2β cos θQ
1
3

]

(56)

from which the total cross section follows by integration
over the polar angle:

σ[e+e−→ e+R1e
−
R1] =

πα2

2s
β
[ 〈
Q11
〉
+β2

〈
cos2 θQ11

〉

+(1−β2)
〈
Q12
〉
+2β

〈
cos θQ13

〉 ]
.

(57)

Both observables can serve as discriminants for Kaluza–
Klein states against supersymmetric selectrons.
By inspecting the cross sections in (57) and (56) we can

easily conclude, without studying details, that

σ
[
e+e−→ e+R1e

−
R1

]
∼ β near threshold (58)

dσ

d cos θ

[
e+e−→ e+R1e

−
R1

]
∼ (1+β2 cos2 θ)G(cos θ)+ · · ·

→ flat in cos θ near threshold
(59)

5 The matrix element e+e−→ µ+R1µ
−
R1 has earlier been de-

fined implicitly in the same way, the charges QR and QL to be
identified withQR =QRL =QRR andQL =QLL =QLR in this
case.

as generally expected for fermion pair production near
the threshold. As for smuon pairs, these results contrast
strongly to supersymmetric scalar ẽ production. Most
striking is the non-vanishing angular distribution in the
forward and backward directions. This is exemplified quan-
titatively in the comparison of Fig. 6a and b.
Asymptotically however the total cross section, unlike

the previous examples, approaches a non-zero value

σ→
πα2

c4W

1

M2K1
for s→∞ (60)

due to the enhancement in the forward direction, which is
a remnant of the Rutherford pole damped by the Yukawa
mass cut-off in the exchange of heavy particles. In contrast
to scalar ẽR pair production, the forward production of eR1
fermion pairs is allowed by angular momentum conserva-
tion and the size of the cross section is set by the Compton
wave-length of the Kaluza–Klein particle exchanged in the
t-channel.

3.3 General analysis

Independent of the lepton number flow by additional
t-channel exchange mechanisms, the s-channel γ, Z ex-
change in the production of charged fermions of any spin
J = 1/2, 3/2, . . .will generate the pair in an S-wave so that
the cross section should rise at threshold∼ β in contrast to
the scalar β3 particle production. The same γ, Z exchange
mechanism will generate a non-vanishing angular distribu-
tion in the forward and backward directions �= sin2 θ.
In contrast to the production of muon-type pairs, the

additional t-channel exchanges in the production of J =
1, 2, . . . integer spin electron-type pairs will in general give
rise to an S-wave component ∼ β in the onset of the ex-
citation curve. Since all spin J > 0 particles in asymp-
totically well-behaved field theories [31] will carry a non-
vanishing magnetic dipole moment, the angular distribu-
tion for both muon-type and electron-type pairs will not
vanish in forward/backward direction. This argument can
be supplemented by studying the polarizations ∼ dJλ,σ(θ

∗)
in the decays of the two spin J particles.
Thus in parallel to the smuon case, also for selec-

trons in supersymmetric theories experimental paths can
be designed for establishing the scalar spin-0 character
unambiguously.

3.4 Simulation of e+e�→ ẽ+R ẽ
�

R

The detection of scalar selectrons in the reaction e+e−→
ẽ+Rẽ

−
R → e

+χ̃01e
−χ̃01 is again very clean. The event simula-

tion, selection and analysis proceed in complete analogy to
smuon production, described in the previous section, just
replacing the observable leptons by an e+e− pair.
The unpolarized cross section at threshold is displayed

in Fig. 7a. The expected event rates are larger than for
smuon production due to additional t-channel neutralino
exchange. One observes a cross section typical for P -wave
production of spin-0 particles with a dependence σ ∼ β3,
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Fig. 7. a The unpolarized cross
section of e+e−→ ẽ+R ẽ

−
R produc-

tion close to threshold, including
QED radiation, beamstrahlung
and width effects; the statistical
errors correspond to L= 10 fb−1

per point, the dash-dotted curve
indicates a hypothetical depen-
dence σ ∼ β; b energy spectrum
Ee from ẽ

±
R → e

±χ̃01 decays; po-
lar angle distribution cos θẽR c
with and d without contribution

of false solution. The simulation
for the energy and polar angle
distributions is based on polar-
ized beams with (Pe− ,Pe+) =
(+0.8,−0.6) at

√
s = 680 GeV

and L = 200fb−1. The smooth
histograms represent high statis-
tics expectations, the curve in-
dicates a fit to the cross section
(44)

as explained in (49). The excitation curve may be easily
distinguished from a much faster rising hypothetical σ ∼ β
behavior, shown for comparison as well.
The study of the ẽ+R ẽ

−
R production is performed close

to threshold in order to separate out, as well as possible,
the factor sin2 θ in the polar-angle distribution, see (50).
An energy of

√
s= 680GeV appears to be a good compro-

mise between signal and background event rates. An en-
hanced signal is obtained by choosing beam polarizations
of (Pe− ,Pe+) = (+0.8,−0.6). The cross section amounts
to 47 fb, and an integrated luminosity of L = 200 fb−1 is
assumed for the simulation. The expected electron energy
spectrum Ee of the decays ẽ

±
R → e

±χ̃01 is shown in Fig. 7b.
It exhibits a clear signature above a negligible background
fromW+W− and ẽ±R ẽ

∓
L production.

The angular distribution cos θẽR , shown in Fig. 7c, is
still peaked towards the forward direction, due to the rem-
nant t-channel χ̃0 contributions, above a fairly constant
pedestal from the false solutions. The spectrum after sub-
tracting the ambiguity, displayed in Fig. 7d, vanishes in the
very forward and backward directions, reflecting the over-
all sin2 θ factor. A fit according to the differential cross
section formula (44) yields a very good description of the
simulated data. As a by-product, the results of the fit can
be used to determine or cross-check the neutralino mixing
parameters |Nk1|2 entering the expression (42) of the gen-
eralized chargeQR.
The t-channel neutralino exchange can be consider-

ably reduced by choosing opposite beam polarizations of
(Pe− ,Pe+) = (−0.8,+0.6). These conditions however im-

ply a much lower cross section of σ = 3.4 fb at the same
energy

√
s=680GeV and a significantly larger background

from WW and ẽRẽL production. The results of simula-
tions assuming L = 300 fb−1 are displayed in Fig. 8. The
polar angle distribution is much flatter and shifted towards
the central region, approaching the expected sin2 θ law for
completely polarized beams. A fit to the subtracted spec-
trum exhibits a skewed sin2 θ distribution, reminiscent of
small, residual t-channel contributions.

4 Charginos and neutralinos

4.1 Production channels in e+e� collisions

The prototypes of non-colored supersymmetric spin-1/2
fermions are the charginos χ̃±1 and the neutralinos χ̃

0
1 and

χ̃02. They are produced in diagonal andmixed pairs in e
+e−

annihilation:

e+e−→ χ̃+1 χ̃
−
1 with χ̃±1 → ff̄

′χ̃01 (61)

e+e−→ χ̃01χ̃
0
2 and χ̃02χ̃

0
2 with χ̃02→ ff̄ χ̃

0
1 . (62)

Though a significant fraction of the decays is mediated
potentially by τ̃ intermediate states as predicted in the ref-
erence scenarios SPS1a/1a′ [30, 52, 53], other decay modes
can still play a significant rôle due to large production cross
sections, in particular for diagonal pairs. The mixed neu-
tralino production channel χ̃01χ̃

0
2 is easier to analyze in the
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Fig. 8. Polar angle distribution cos θẽR of e
+
Re
−
L → ẽ

+
R ẽ
−
R : a with contributions from background and false solution; b after

subtraction of background and false solution. The simulation is based on polarized beams with (Pe− ,Pe+) = (−0.8,+0.6) at√
s = 680 GeV and L= 300 fb−1. The smooth histograms represent high statistics expectations, the curve indicates a fit to the
cross section (44)

threshold region when studying the onset of the excitation
curve, but the diagonal pair χ̃02χ̃

0
2 gives rise to a better tex-

tured visible final state that allows the reconstruction of
the flight axis up to a 2-fold ambiguity, while the axis can
be reconstructed for mixed pairs only if χ̃02 cascades down
through an intermediate slepton [54].
Two mechanisms contribute to the production of χ̃+1 χ̃

−
1

and three to χ̃01χ̃
0
2 and χ̃

0
2χ̃
0
2: s-channel γ/Z exchanges and

t/u-channel ν̃ and ẽ exchanges, respectively, as illustrated
in Fig. 9.
By using Fierzing techniques, both the t/u-channel di-

agrams can be mapped onto the s-channel diagram, gener-
ating the bilinear chargesQαβ [49, 50, 55, 56]:

χ̃+1 χ̃
−
1 :

QLL =DL−FL cos 2φL
QLR =D

′
L−F

′
L cos 2φR

QRL =DR−FR cos 2φL
QRR =DR−FR cos 2φR (63)

χ̃0i χ̃
0
j :

QLL =+4Zijs
−2
2W

(
s2W −1/2

)
DZ(s)−GLijDẽL(u)

QLR =−4Z
∗
ijs
−2
2W

(
s2W −1/2

)
DZ(s)+G

∗
LijDẽL(t)

QRL =+Zijc
−2
W DZ(s)+GRijDẽR(t)

QRR =−Z
∗
ijc
−2
W DZ(s)−G

∗
RijDẽR(u) (64)

[in the usual notation s22W = sin
2 2θW ]. The normalized

propagators in these charges read

DL = 1+4s
−2
2W

(
s2W −1/2

)(
s2W −3/4

)
DZ(s)

FL = 4s
−2
2W

(
s2W −1/2

)
DZ(s)/4

DR = 1+ c
−2
W

(
s2W −3/4

)
DZ(s)

FR = c
−2
W DZ(s)/4

D′L =DL+ s
−2
W Dν̃(t)/4

F ′L = FL− s
−2
W Dν̃(t)/4 (65)

and φL,R denote the mixing angles rotating the gaug-
ino/higgsino current to the chargino mass basis; the rota-
tion angles are determined by the SUSY Lagrangian pa-
rametersM2, µ and tanβ [55, 56]. The matricesZ and GL,R
are combinations of the mixing matrix elements N in the
neutralino sector [49, 50]:

Zij = (Ni3N
∗
j3−Ni4N

∗
j4)/2

GLij = (Ni2cW +Ni1sW )
(
N∗j2cW +N

∗
j1sW

)
/s22W

GRij =Ni1N
∗
j1/c

2
W . (66)

They are derived from the Lagrangian parameters noted
above and supplemented by the U(1) gaugino parameter
M1 [in the MSSM].
Defining the quartic charges Q1, Q2, Q3 in the same

way as (55), the differential and total cross sections6 can be
written as

dσ

d cos θ
=
πα2

2s
β
{ [
1−
(
µ2i −µ

2
j

)2
+β2 cos2 θ

]
Q1

+4µiµjQ2+2β cos θQ3
}

(67)

σ =
πα2fs

2s
β
{[
1−
(
µ2i −µ

2
j

)]
〈Q1〉+β

2
〈
cos2 θQ1

〉

+4µiµj〈Q2〉+2β〈cos θQ3〉
}

(68)

generically for any pair of masses with µi =mi/
√
s, and

β2 = [1− (µi−µj)2][1− (µi+µj)2] coinciding with the vel-
ocity squared for equal masses; fs = 1 or 1/2 denotes the
statistics factor for pairs of unequal and equal particles, re-
spectively, in the final state.

6 The 1-loop radiative corrections have been presented
in [57–61]; see also [30].
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Fig. 9. Two mechanisms contributing
to the production of χ̃+1 χ̃

−
1 and three

to χ̃01χ̃
0
2 and χ̃

0
2χ̃
0
2; s-channel γ/Z ex-

changes and t/u-channel ν̃ and ẽ ex-
changes, respectively

4.1.1 Charginos

Near the threshold the cross section rises ∼ β since the
charged Dirac particles are generated in S-waves. For
asymptotic energies the cross section scales as

σ→
4πα2

3s

(
1+∆χ̃±

)
for s→∞ (69)

complemented by the coefficient ∆χ̃± = O(1) including
mixing matrix elements.
The angular distribution near the threshold is flat and

need not vanish as for scalar particles in the forward/back-
ward direction. With rising energy the sneutrino t-channel
exchange excites an increasing number of higher orbital
angular momenta and thus modifies the familiar spin-1/2
asymptotic distribution to ∼ (1+cos2 θ)G(cos θ).
The characteristics for supersymmetric chargino pro-

ductioncan thereforebe summarized in the followingpoints:

#1 threshold excitation∼ β (70)

#2 angular distribution∼ (1+β2 cos2 θ)G(cos θ)+ · · ·

→ isotropic near threshold .
(71)

As will be argued later, these two characteristics can be
mimicked by higher half-integer spin states. Thus, the ob-
servation of the characteristics (70) and (71) is necessary
for chargino spin assignments in supersymmetric theories
but not sufficient. The production characteristics must be
complemented by decay characteristics to determine the
spin of charginos unambiguously.

4.1.2 Neutralinos

TheMajorana nature of the neutralinos forbids the S-wave
production of the diagonal χ̃02χ̃

0
2 pair at threshold with

equal spin components along the e+e− beam axis as a con-
sequence of the Pauli principle. This conclusion can also
formally be drawn by observing that near threshold the
sum of the quartic charges is reduced toQ1+Q2 =

[
|QLL+

QLR|2+ |QRL+QRR|2
]
/4 so that the final-state current

becomes purely vectorial, forbidden however for neutralino
Majorana fields which can only be coupled to axial-vector
currents. The P -wave production mode leads to the on-
set of the excitation curve ∼ β3. The angular distribution
follows the spin-1 rule for γ/Z exchange [62], modified how-
ever by a spin-1 and spin-0 mixture from selectron t/u
exchanges. Inserting the quartic charges in (67), the angu-
lar distribution is given near the threshold by

dσthr
d cos θ

=
πα2

4s
β3
∑

k=L,R

[
Z2k(1+cos

2 θ)+4g̃k(2g̃k−Zk)

× sin2 θ+8δkg̃k(δkg̃k+Zk) cos
2 θ
]
,

(72)

where the coefficients are defined in terms of the matrices
Z and GL,R as

ZR = Zc
−2
W DZ g̃R = GR[1+ δR] (73)

ZL = 4Zs
−2
2W

(
1/2− s2W

)
DZ g̃L = GL[1+ δL] (74)

with δL,R =
(
m2
χ̃02
−m2ẽL,R

)
/
(
m2
χ̃02
+m2ẽL,R

)
. For large se-

lectron masses the s-channel Z contributions are domin-
ant and the angular distribution is reduced to (1+cos2 θ),
characteristic for Majorana fermion pair production. How-
ever, if for particle masses of the same size, the t- and
u-channel selectron contributions are dominant, the angu-
lar distribution is in general a mixture of sin2 θ and cos2 θ
terms with coefficients varying with the particle masses.
Above the threshold, higher orbital angular momenta are
excited by the selectron exchangemechanisms, not altering
however the asymptotic behavior

σ→
4πα2

3s
∆χ̃0 for s→∞ , (75)

with the coefficient∆χ̃0 =O(1).

Also mixed χ̃01χ̃
0
2 pairs will be produced near the thresh-

old in a P -wave if their CP parities, ±i, are equal. If they
are different however S-wave production is possible and the
cross section rises ∼ β. In theories with CP violation S-
wave production is predicted in general [49, 50, 63].
These observations are summarized in the following

rules:

#1 threshold excitation

∼ β3 for χ̃02χ̃
0
2 (76)

∼ β3/β for χ̃01χ̃
0
2 [ident./diff. Majorana phases]

#2 angular distribution near threshold

∼ cos2 / sin2 θ mix . (77)

These points are illustrated for charginos and neutrali-
nos in Figs. 10 and 11, respectively. The parameter set
introduced earlier, gives rise to the chargino mass m

χ̃±1
=

286GeV and the neutralino massesmχ̃0
1/2
= 148/286GeV.

The residual linear β-dependence, β = 0.14, generates
a slight increase of the angular distribution with cos θ.
For neutralinos the chosen parameter set leads to a dom-
inant sin2 θ component in the angular distribution, sup-
plemented however by small additional contributions, cf.
(72), which render the distributions non-vanishing at the
very edges of the forward and backward directions. These
results will be confronted with phenomena in UED and
a general analysis in the next subsections.
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Fig. 10. a The threshold excita-
tion for charginos and b the an-
gular distribution in the process
e+e−→ χ̃+1 χ̃

−
1 for the SUSY pa-

rameters specified in the text;
both compared with W+1 W

−
1

pair production in UED

Fig. 11. a The threshold exci-
tation for neutralinos and b the
angular distribution in the pro-
cesses e+e− → χ̃01χ̃

0
2 and χ̃

0
2χ̃
0
2

for the SUSY parameters speci-
fied in the text; both compared
with Z1Z1 pair production in
UED

4.2 KK excited states W�
1 and Z1/γ1 in UED

The counterparts of χ̃±1 and χ̃
0
2 in the UED mass hierar-

chy are the KK excitationsW±1 and Z1 =W
3
1 , while χ̃

0
1 and

γ1 = B1 are the stable particles of the two theories with
minimal mass to which all other particles cascade down. It
should be noted that the comparison of the two theories in
this subsection is based solely on the isomorphic character
of the states and it is not related to any details of the mass
spectra. [Electroweak mixing at the KK level is neglected
as before.]
The cross sections for the processes

e+e−→W+1 W
−
1 (78)

e+e−→ Z1Z1 (79)

are closely related to the corresponding SM processes
e+e−→W+W− and ZZ, cf. Fig. 12. Standard SM cou-
plings are attached to the currents, and the exchanged
neutrino and electron must be substituted by the heavy
KK excitations. In the limit in which the masses of the t/u-

exchange leptons are neglected, the cross sections approach
the SM form of [64, 65].
The differential and total cross sections forW+1 W

−
1 can

be expressed by the generalized charges

QL = 1− (s
2
W −1/2)s

−2
W DZ(s) and QR = 1−DZ(s) .

(80)

In this notation they can be written as

dσ

d cos θ
=
πα2

8s
β

×

[
s−4W F1(s, θ)+

1

2

(
Q2L+Q

2
R

)
F2(s, θ)−QLs

−2
W F3(s, θ)

]

(81)

σ =
πα2

8s
β

×

[
s−4W σ̄1(s)+

1

2

(
Q2L+Q

2
R

)
σ̄2(s)−QLs

−2
W σ̄3(s)

]
. (82)

The angular functions F (s, θ) and the energy-dependent
coefficients σ̄(s) are given by
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Fig. 12. Two mechanisms contributing to the production of
W+1 W

−
1 and two to Z1Z1; s-channel γ/Z exchanges, t-channel

ν1 and t/u-channel eL1 exchanges, respectively

F1(s, θ) =

γ2(1+β2−2β cos θ)2(4+γ2β2 sin2 θ)+4β2 sin2 θ

4(∆−β cos θ)2
(83)

F2(s, θ) = 2β
2
[
4γ2(4+γ2β2 sin2 θ)+3 sin2 θ

]
(84)

F3(s, θ) =

2γ2β[2β− (1+β2) cos θ](4+γ2β2 sin2 θ)+3β2 sin2 θ

(∆−β cos θ)
(85)

with γ =
√
s/2m

W±1
, ∆= 1−2

(
m2
W±1
−m2ν1

)
/s, and

σ̄1(s) = 4(γ
4+11γ2−3)/3− (2γ2−1)η2−2η4

−2
[
γ−2+2(2−γ−2)η2

]
/(∆2−β2)

+
[
4∆− (7+∆)η2+(1+2∆)η4

]
L(β̄)/∆ (86)

σ̄2(s) = 8β
2(4γ4+20γ2+3)/3 (87)

σ̄3(s) = 6∆+8(2γ
4+9γ2−5)/3− [γ−2+(2−γ−2)η2]

(2γ2−1+η2)−
{
6(∆2−β2)+

[
γ−2+(2−γ−2)η2

]

×
[
7+∆− (1+∆)η2

] }
L(β̄)/∆ , (88)

with η =mν1/mW±1
, β̄ = β/∆ and L(x) = (1/2x) log[(1+

x)/(1−x)]→ 1 as x→ 0. Although each of the individual
coefficients σ̄i(s) grows as s, unitarity cancellations reduce
the sum of all contributions to the expected scaling behav-
ior of the cross section [64, 65]:

σ[e+e−→W+1 W
−
1 ]→

πα2

2s4W

1

s
log

s

m2
W±1

for s→∞ .

(89)

The logarithmic term is generated by the KK neutrino ex-
change mechanism.
For Z1Z1 production the differential and total cross sec-

tions read

dσ

d cos θ
=
πα2

16s4Ws
β

{
2−β2(1+cos2 θ)

∆2−β2 cos2 θ
+
2β4 sin2 θ cos2 θ

(∆2−β2 cos2 θ)2

+η4
β2 cos2 θ

[
4(1−β2)+β2 sin2 θ

]

2(∆2−β2 cos2 θ)2

}

(90)

σ =
πα2

32s4Ws
β
{
8(1+ γ̄−2)L(β̄)−8+η4

×
[
(3− β̄2−4γ̄−2)L(β̄)−3+4γ̄−2/(1− β̄2)

] }
,

(91)

with η = meL1/mZ1 , ∆ = 1− 2(m
2
Z1
−m2eL1)/s and γ̄ =

γ∆. For asymptotically large energies, the standard
behavior

σ
[
e+e−→ Z1Z1

]
→
πα2

8s4W

1

s
log

s

m2Z1
for s→∞

(92)

is predicted for the total cross section.
Near the thresholds the total cross sections rise as

σ
[
e+e−→W+1 W

−
1 , Z1Z1

]
∼ β (93)

while the angular distributions

1

σ

dσ

d cos θ

[
W+1 W

−
1

]


1

2
+O(β) cos θ and

1

σ

dσ

d cos θ
[Z1Z1]


1

2
+O(β) cos2 θ (94)

are essentially flat in the threshold region. The flat behav-
ior is modified however linearly in β above the threshold as
evident from Fig. 10b.
Comparing the predictions for the spin-1 KK excita-

tions of the weak gauge bosons with the spin-1/2 charginos
and neutralinos, we arrive at a mixed picture, cf. Figs. 10
and 11. In the chargino sector the onset of the excitation
curves does not discriminate one from the other. However,
due to the Majorana nature of the neutralinos, the onset
for χ̃02χ̃

0
2 ∼ β

3 is different from Z1Z1 ∼ β.
Final state analyses are necessary to discriminate

charginos fromKKW±1 bosons. Due to the vectorial/axial-
vectorial couplings, in both theories, the electron–positron
pair annihilates in a spin-1 state polarized parallel to
the beam axis. Angular momentum conservation then de-
mands the same polarization state for the charginos which
are coupled in an S-wave. Choosing longitudinally polar-
ized electron beams with a degree close to one [48], the
decay angular distribution is dictated by

D
[
χ̃−1 → (ff̄

′)χ̃01
]
∼ d1/2λσ (θ

∗)∼ cos(θ∗/2) or sin(θ∗/2)
(95)

[depending on whether the initial χ̃−1 helicity λ and the
difference σ = σ(χ̃01)−σ(ff̄

′) of final-state helicities are of
equal or opposite sign]. This can be contrasted to the polar-
ization of the W−1 which must be either 1 or 0, so that, in
the same notation as before,

D
[
W−1 → (ff̄

′)γ1
]
∼ d1λσ(θ

∗)∼ (1± cos θ∗) or cos θ∗

or sin θ∗ ,
(96)

[depending on whether |λ| = |σ| = 1, 0 or otherwise] with
quite a different Wigner d function compared to the su-
persymmetric signal. Thus the final state analysis provides
a clear discrimination.
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In conclusion. The supersymmetric chargino/neutra-
lino sector can be discriminated in spin analyses from the
KK excited weak-boson sector in theories of universal extra
space dimensions, but final state analyses of the decaying
particles are required.

4.3 General analysis

4.3.1 Charginos

S-wave production of chargino pairs gives rise to the β
onset of the excitation curve near the threshold. This be-
havior is expected for all charged half-integer spin Dirac
particles. In parallel, the angular distribution in the pro-
duction process does not discriminate the particles. Bosons
with spin ≥ 1 also follow the S-wave pattern if they are
produced pairwise through t- and/or u-channel exchanges.
Quite generally, the (polarized) electron/positron pair

either annihilates in a polarized helicity-1 state for vec-
tor currents, as exemplified above, or in a helicity-0 state
for scalar and tensor currents, generated after fierzing
t-channel exchange amplitudes. This gives rise to polariza-
tion effects dJλσ(θ

∗) in the F J decays and to correlations of
the form

dJλ±1,σ(θ
∗
1)d
J
λσ′(θ

∗
2) and/or dJλσ(θ

∗
1)d
J
λσ′(θ

∗
2)

(97)

between the angular distributions of the decay products of
the particle pair F J F̄ J which is generated in an S-wave
near threshold. The characteristic dependence of the d
functions on J can be exploited to determine the spin.
[Details will be presented in the subsequent experimental
subsection.]

4.3.2 Neutralinos

For clarity we focus on the production process (14) for
equal-type particle–antiparticle F J �= F̄ J and particle–
particle F J = F̄ J pairs. As argued before, S-wave produc-
tion is expected in general if the neutral fermions F J and
F̄ J are different from each other; it gives rise to the β de-
pendence of the cross section near threshold as opposed to
the β3 production law of the Majorana particle χ̃02.
It has been shown quite generally in [62] that Majo-

rana pairs F JF J are always produced in P waves near
threshold, with a (1+cos2 θ) angular distribution for spin-
1 γ/Z exchange. If t/u-channel exchanges are switched on,
S-wave production of Majorana fermion pairs remains sup-
pressed for all interactions conserving electron-chirality.
While the rise of the excitation curve∼ β3 does not change,
the angular distribution is modified however to a mix of
cos2 θ and sin2 θ terms.
Thus the spin of charginos and neutralinos cannot be

discriminated unambiguously unless the standard correla-
tion tests involving the chargino/neutralino decays with
reasonable polarization analysis power are performed. The
analysis of polarization effects in F J decays, eventually
supplemented by correlation effects in double F J F̄ J and

F JF J decays, in the way discussed above, will lead to the
unambiguous spin assignment J = 1/2 of the χ̃±1 chargino
and the χ̃02 neutralino.

4.4 Simulation of e+e�→ χ̃+1 χ̃
�
1 and e

+e�→ χ̃02χ̃
0
2

Chargino production and detection proceeds via e+e−→
χ̃+1 χ̃

−
1 →W

+χ̃01W
−χ̃01 with a branching ratio B(χ̃

±
1 →

W±χ̃01) = 1 in the reference point considered. Distinct ex-
perimental signatures are either purely hadronic decays
WW → qq̄′q̄q′ → 4 jets or mixed hadronic and leptonic
decaysWW → qq̄′�ν→ 2 jets+1 lepton. For a complete re-
construction of the kinematics, including production and
decay angles, only the 4-jet final state can be used. How-
ever, information on the individual W± charge is heavily
spoiled by large fluctuations during the fragmentation pro-
cess which may lead to track losses and/or wrong track
assignments to the parent particle. Only a folded angle
| cos θ| can be obtained. In contrast, the electric charge of
individualW± can be identified in the mixed hadronic and
leptonic decays,W±W∓→ qq̄′�∓ν.
A potential background source is neutralino produc-

tion e+e−→ χ̃02χ̃
0
2 with subsequent decays χ̃

0
2→ Zχ̃

0
1 (B =

0.13) and χ̃02→ hχ̃
0
1 (B = 0.87). The hadronic decays of Z

and h provide an event topology and kinematics very simi-
lar to chargino production. A distinction may be possible
on the basis of excellent di-jet mass resolution as antici-
pated in the design of future ILC detectors [66]. The goal
is to achieve an efficient separation of hadronic W and Z
decays, which also implies a reliable identification of the
heavier Higgs decays.
The cross sections for χ̃+1 χ̃

−
1 and χ̃

0
2χ̃
0
2 production as

a function of energy are shown in Fig. 13a and b, respec-
tively. Since the masses are almost degenerate, the thresh-
old energies of both reactions are very close and practi-
cally coincide. However, the chargino cross section rises
much faster with σ ∼ β compared with the slow onset of
the neutralino excitation curve σ ∼ β3. It is obvious from
the threshold curves that the different (opposite) β depen-
dence for the two reactions can be easily ruled out.
As pointed out in the previous section, polarization ef-

fects in χ̃±1 and χ̃
0
2 decays must be exploited to determine

the spin J = 1/2 of the χ̃±1 chargino and χ̃
0
2 neutralino

unambiguously.

4.4.1 Charginos χ̃±1

The charginos in the production process e+e−→ χ̃−1 χ̃
+
1 are

polarized and even the polarization averaged over the pro-
duction angle θ is in general non-zero (also for unpolarized
beams). The cosine of the decay angle θ∗

W±
between the

W± momentum direction in the chargino rest frame and
the χ̃±1 momentum direction in the laboratory frame, iden-
tical with the spin quantization axis, can be determined
by measuring the W± energy in the hadronic W± decay
W±→ qq̄′:

EW± = γ
(
E∗W± +βp

∗
W± cos θ

∗
W±

)
, (98)
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Fig. 13. Cross sections of a
e+e− → χ̃+1 χ̃

−
1 production and

b e+e−→ χ̃02χ̃
0
2 production close

to threshold, including QED
radiation, beamstrahlung and
width effects. The statistical er-
rors correspond to L = 10 fb−1

per point, The dash-dotted curves
indicate hypothetical cross sec-
tion dependencies σ

χ̃+1 χ̃
−
1
∼ β3

and σχ̃02χ̃
0
2
∼ β for charginos and

neutralinos, respectively

where γ =
√
s/2m

χ̃±1
and β =

(
1−4m2

χ̃±1
/s

)1/2
. TheW±-

boson energy and momentum in the chargino rest frame,
E∗
W±
and p∗

W±
, can be derived from the χ̃±1 , χ̃

0
1 and W

±

masses. [This method is not restricted to chargino decays
to on-shell W -bosons but applies also, for small χ̃±− χ̃0

mass differences, to off-shellW ∗-bosons with theW ∗ mass
determined by the two hadron jets, so long as experimen-
tal jet reconstruction is feasible [55, 56].] Furthermore, the
electric charge of the individualW± and χ̃±1 can be identi-
fied by tagging the electric charge of theW∓ from the other
chargino χ̃∓1 decay through the leptonic modeW

∓→ �∓ν�.
All these features can be used to study the χ̃±1 -polarization
through the angular distribution in the two-body decays
χ̃±1 →W

±χ̃01. For the chargino as a spin-1/2 particle the
decay distribution is linear in cos θ∗

W±
:

1

dΓ

Γ

d cos θ∗
W±

[
χ̃±1 →W

±χ̃01
]
=
1

2

(
1+ 〈κW±〉 cos θ

∗
W±

)
,

(99)

where the coefficient 〈κW±〉 is the product of the χ̃
±
1 polar-

ization averaged over the production distribution and the
χ̃±1 polarization analysis power of the decay mode χ̃

±
1 →

W±χ̃01; for details see [67]. The two coefficients 〈κW±〉 are
identical as a consequence of CP symmetry. The average
helicities of χ̃−1 and χ̃

+
1 have the same magnitude but op-

posite sign in e+e− annihilation for arbitrary beam polar-
ization. For non-zero 〈κW±〉 the decay angular distribu-
tions provide a unique signal for the spin J = 1/2 of the
chargino χ̃±1 .
The W± decay angular distribution is studied in an

experimental simulation of e+e− → χ̃+1 χ̃
−
1 production

at
√
s = 700GeV, assuming the integrated luminosity

of L = 500 fb−1. With beam polarizations (Pe− ,Pe+) =
(−0.8,+0.6) the cross section amounts to σ = 150 fb. The
event signature is a reconstructed hadronic decayW → qq̄′,
a lepton from the decay W → �ν (� = e, µ, τ) to select
clean events, and large missing energy of Emiss >

√
s/2.

With a typical selection efficiency ε
 0.6 and a combined
branching ratio B = 0.44 prolific event rates are expected.
Background from other SM or SUSY processes is esti-
mated to be small and will not be considered further. The
chargino sample may be tripled by including events where

both W ′s are allowed to decay to hadrons. However, the
background will also increase due to false combinations of
jets in reconstructing the twoW ′s and due to background
from χ̃02χ̃

0
2 production (see above). Such a study goes be-

yond the aim of the present paper.
The basis of the analysis is (98) which relates the W

energy EW in the laboratory system with the decay angle
cos θ∗

W±
in the χ̃±1 rest frame.

Figures 14a and b show the angular distribution and
energy spectrum for the hypothetical case that no QED
radiation degrades the nominal production energy. The
linear cos θ∗

W±
dependence is clearly seen at generator

level as well as after detector simulation. A fit of the
data to the function dσ/d cos θ∗

W±
∼ 1+a01 cos θ

∗
W±
+

a02 cos 2θ
∗
W±
yields a01 =−0.213±0.010 and a

0
2 =−0.001±

0.010. This value is consistent with the theoretical ex-
pectation of (99) with 〈κW±〉 =−0.216 and demonstrates
that distortions due to event selection criteria and detec-
tor effects are small. The same tendency is observed in
the energy distribution Fig. 14b which falls linearly with
EW , as compared with a flat distribution for unpolarized
charginos.
In the more realistic situation that initial state photon

radiation (ISR) andbeamstrahlung decrease the χ̃+1 χ̃
−
1 pro-

duction energy, the angular distribution is no longer lin-
early falling, as shown in Fig. 14c. Considerable depletions
at cos θ∗

W±
→±1 are observed since the constraint E

χ̃±1
is not always valid. However, since both ISR and beam-
strahlung effects can be calculated theoretically and meas-
ured precisely, they can be unfolded from the data, e.g. by
applying a bin-by-bin correction (like in the present analy-
sis) or amatrix inversionprocedure. Fitting of theQEDcor-
rected angular distribution (not shown) to the form

dσexp

d cos θ∗
W±

∼ 1+a1 cos θ
∗
W± +a2 cos 2θ

∗
W± (100)

results in coefficients

a1 =−0.203±0.020 and a2 =−0.001±0.020 .
(101)

These values are consistent with the input parameters
and confirm with high precision the linear dependence on
cos θ∗W characteristic for polarized spin-1/2 chargino pro-
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Fig. 14. Chargino production
e+e− → χ̃+1 χ̃

−
1 → W

+χ̃01W
−χ̃01

with W± decay angle distri-
butions cos θ∗W in the χ̃±1 rest
frame (left panels) and W± en-
ergy distributions EW in the
laboratory system (right pan-
els). The plots a and b do not
include QED radiation effects
while the plots c and d in-
clude initial state photon radia-
tion and beamstrahlung. Spectra
at generator level (full curves
and histograms) are compared
with events simulated and recon-
structed in the detector (dots),
the dashed curves indicate fits
to the data. The simulation is
based on polarized beams with
(Pe− ,Pe+) = (−0.8,+0.6) at√
s= 700 GeV and L= 500 fb−1

duction, while higher spin-J states would generate the an-
gular distribution

dσ

d cos θ∗
W±

∼ 1+
2J∑

n=1

an cosnθ
∗
W± . (102)

A sensitivity of a few percents to any term in addition to the
linear term can be reached which is an important bound in
discriminating against higher spin J > 1/2 states. Similar
distortions due to QED radiation can be seen in the energy
spectrum of Fig. 14d which is shifted towards lower values
and is considerably depopulated at themaximumenergy.

4.4.2 Neutralino χ̃02

The distribution of the polar angle in neutralino produc-
tion e+e−→ χ̃02χ̃

0
2 with two identical Majorana particles

in the final state is forward-backward symmetric. The χ̃02
polarization, being non-zero for fixed polar angle, is asym-
metric if the angle is varied from the forward to the back-
ward direction [49, 50]. The polarization degree can be en-
hanced by using polarized electron/positron beams.
Similarly to the smuon case, the χ̃02 momenta can be

reconstructed, event by event, up to a two-fold discrete
ambiguity in χ̃02 pair production for the sequential decays
χ̃02→Zχ̃

0
1 or χ̃

0
2→ hχ̃

0
1 because the Z or hmomenta can be

measured unambiguously in the visible decay modes. The

χ̃02 polarization can be determined [68] in the two-body
decay χ̃02→ Zχ̃

0
1 if the Z polarization is measured in the

leptonic decays Z → �+�−. A large number of events will
be required for the leptonic decays because of the small
branching ratio (∼ 0.07 for e/µ) and the small analysis
power (∼−0.15) as a result of the almost pure axial-vector
Z�� coupling. On the other hand, the measurement can
also be performed by means of the hadronic decays Z→ cc̄
and bb̄ with c and b flavors tagged. These hadronic decays,
by contrast, have four times larger branching ratios and
much larger analysis power (∼−0.92 and −0.67 for b and
c quarks) than leptonic decays.
Alternatively, if kinematically accessible, the two-body

leptonic decay χ̃02→ �̃
±�∓ can provide a powerful instru-

ment for determining the χ̃02 spin. The χ̃
0
2 momenta can be

reconstructed, event by event, in χ̃02 pair production for se-
quential χ̃02 leptonic decays because the two unknown χ̃

0
1

momenta can be fixed by measuring the four visible lepton
momenta in the cascade decays χ̃02→ �̃

±�∓→ �+�−χ̃01 and

χ̃02→ �̃
′
±
�′
∓→ �′+�′−χ̃01. Furthermore, the sleptonmode is

a perfect polarization analyzer of the decaying neutralino.
Explicitly, the angular distribution in the rest frame of the
decaying spin-1/2 neutralino χ̃02 is given by [see [54]]

1

Γ

Γ

d cos θ∗
�∓

[
χ̃02→ �̃

±
R�
∓
]
=
1

2

(
1±Pχ̃02

cos θ∗�∓
)
, (103)
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Table 2. The threshold behavior and the angular distribution of SUSY and UED particle pair
production, and the general characteristics of spin-J field theories. All the characteristics refer to
diagonal pair production. B and FD,M generically denote bosons and Dirac, Majorana fermions;
[s] s-channel exchange only, [s, t, u] potentially all three exchange mechanisms. The parameters κ
[κ �= −1] depend on mass ratios and particle velocities β; note that, especially, κ= 1 for Majorana
fermions and for self-conjugate bosons [spin ≥ 1] in [s]-channels – Notice the uniqueness of spin-0 as-
signments by measurements of the polar angle distribution in the slepton sector. Neither threshold
excitation nor angular distributions are sufficient in the chargino/neutralino sector and final state
analyses must be performed to determine the spin-1/2 quantum numbers

Threshold excitation and angular distribution for diagonal pair-production

SUSY particle µ̃ ẽ χ̃± χ̃0

spin 0 0 1/2 1/2

σthr β3 β3 β β3

θ dep. sin2 θ thr: sin2 θ thr: isotropic thr: 1+κ cos2 θ

UED particle µ1 e1 W±1 Z1
spin 1/2 1/2 1 1
σthr β β β β

θ dep. 1+κ2 cos2 θ thr: isotropic thr: isotropic thr: isotropic

General particle B[s] B[s, t, u] FD,M[s] FD,M[s, t, u]
spin ≥ 1 ≥ 1 ≥ 1/2 ≥ 1/2
σthr β3 β β, β3 β, β3

θ dep. 1+κ cos2 θ thr: isotropic 1+κ cos2 θ thr: 1+κ cos2 θ

where Pχ̃02
is the degree of longitudinal χ̃02 polarization and

θ∗
�∓
the angle of the �∓ momentum in the χ̃02 rest frame

with respect to the χ̃02 momentum direction.
Therefore, the decays χ̃02→ Zχ̃

0
1 and/or χ̃

0
2 → �̃� do

provide a unique signal for the spin J = 1/2 of the neu-
tralino χ̃02.

5 Summary

It is apparent from the preceding discussion that the
model-independent determination of the spin quantum
numbers of supersymmetric particles is a complex task,
with the degree of complexity depending on the nature of
the particle. Threshold excitation and angular distribu-
tions in pair production as well as angular correlations in
particle decays provide the signals for experimental spin
measurements.
The predictions for the threshold excitation and the

angular distributions in the production processes of super-
symmetric particles are summarized in Table 2. They are
confronted with predictions for particles in models of uni-
versal extra space dimensions and with general analyses
based on the non-vanishing of the magnetic dipole mo-
ments of all spin > 0 particles.
Examining these results it turns out that the sin2 θ law

for the production of spin-0 sleptons [for selectrons close to
threshold] is a unique signal of the spin-0 character. While
the observation of the sin2 θ angular distribution is suffi-
cient for sleptons, the β3 onset of the excitation curve is
a necessary but not a sufficient condition for the spin-0
character. Thus the spin determination in the slepton sec-
tor is conceptually very simple at e+e− colliders.

This simple pattern in the slepton sector must be con-
trasted with the more involved pattern in the spin-1/2
chargino/neutralino sector. Neither the onset of excitation
curves nor the angular distributions in the production pro-
cesses provide unique signals of the spin quantum num-
bers. However, decay angular distributions,∼ |dJ (θ∗)|2, do
provide a unique signal for the chargino/neutralino spin
J = 1/2, albeit at the expense of more involved experi-
mental analyses. Using polarized electron/positron beams
will in general assure that the decaying spin-1/2 particle is
polarized; reasonable polarization analysis power is guar-
anteed in many decay processes.

In toto. The spin of sleptons and charginos/neutralinos can
be determined in a model-independent way at e+e− col-
liders. Similar methods as elaborated for sleptons can be
applied in the squark sector while gluinos will demand
a methodologically separate analysis.

Appendix: Cross sections
with polarized beams

Polarized electron and positron beams at e+e− colliders
are useful for diagnosing the properties of supersymmet-
ric particles and for unraveling the underlying structure of
the SUSY theory [48]. In this Appendix we present the gen-
eral formulae for the production cross sections of R-type
smuon/electron pairs, and chargino and neutralino pairs
in e+e− annihilation with polarized electron and positron
beams.
For longitudinal e± beam polarizations Pe± the polar-

ized production cross sections for R-type smuon and selec-
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tron pairs in e+e− annihilation are given in terms of the
chargesQR andQL by

dσ

d cos θ
{�̃+R �̃

−
R}=

3

32
σ0β

3 sin2 θ
[
(1−Pe−Pe+)

×
(
|QR|

2+ |QL|
2
)
+(Pe− −Pe+)

×
(
|QR|

2−|QL|
2
) ]

(A.1)

where �̃R = µ̃R, ẽR and σ0 = 4πα
2/3s is the standard nor-

malization cross section of e+e− annihilation. The expres-
sions of the generalized charges QR and QL for R-type
smuon- and selectron-pair production can be found in
(4)/(3)) and (42)/(41), respectively. For right/left polar-
ized electrons Pe− =± and unpolarized positrons, the pro-
duction cross sections

dσR
d cos θ

{
�̃+R �̃

−
R

}
=
3

16
σ0β

3 sin2 θ|QR|
2 (A.2)

dσL
d cos θ

{
�̃+R �̃

−
R

}
=
3

16
σ0β

3 sin2 θ|QL|
2 (A.3)

project out the bilinear R and L chargesQR andQL.
The production cross sections for chargino- and neutra-

lino-pairs in e+e− annihilation with polarized electron and
positron beams are given by

dσ

d cos θ
{χ̃iχ̃j}=

3

8
σ0β

×
[
(1−Pe−Pe+)

{[
1−
(
µ2i −µ

2
j

)2
+β2 cos2 θ

]
Q1

+4µiµjQ2+2β cos θQ3
}
+(Pe− −Pe+)

{[
1−
(
µ2i −µ

2
j

)2
+β2 cos2 θ

]
Q′1+4µiµjQ

′
2

+2β cos θQ′3

}]
, (A.4)

where the P -even and P -odd quartic charges Qi and Q
′
i

(i= 1, 2, 3) are defined in terms of the bilinear chargesQαβ
(α, β = L,R) as

Q
(′)
1 =

1

4

[
|QRR|

2+ |QRL|
2±|QLR|

2±|QLL|
2
]

Q
(′)
2 =

1

2
Re [QRRQ

∗
RL±QLLQ

∗
LR]

Q
(′)
3 =

1

4

[
|QRR|

2−|QRL|
2±|QLR|

2∓|QLL|
2
]
.

(A.5)

The explicit form of the bilinear charges Qαβ for the pro-
duction of the chargino pair χ̃+1 χ̃

−
1 and the neutralino pairs

χ̃0i χ̃
0
j is given in (63) and (64), respectively. Polarized elec-

trons combined with unpolarized positrons,

dσR
d cos θ

{χ̃iχ̃j}=

3

16
σ0β
[ [
1−
(
µ2i −µ

2
j

)2
+β2 cos2 θ

] (
|QRR|

2+ |QRL|
2
)

+8µiµj Re(QRRQ
∗
RL)+2β cos θ

(
|QRR|

2−|QRL|
2
) ]

(A.6)

dσL
d cos θ

{χ̃iχ̃j}=

3

16
σ0β
[ [
1−
(
µ2i −µ

2
j

)2
+β2 cos2 θ

] (
|QLR|

2+ |QLL|
2
)

+8µiµj Re(QLRQ
∗
LL)+2β cos θ

(
|QLR|

2−|QLL|
2
) ]

(A.7)

project out the bilinear chargesQRk andQLk for the χ̃ chi-
rality k =R,L.
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